This paper studies a nonlinear fractional implicit differential equation (FIDE) with boundary conditions involving a Hilfer-Hadamard type fractional derivative. We establish the equivalence between the Cauchy-type problem (FIDE) and its mixed type integral equation through a variety of tools of some properties of fractional calculus and weighted spaces of continuous functions. The existence and uniqueness of solutions are obtained. Further, the Ulam-Hyers and Ulam-Hyers-Rassias stability are discussed. The arguments in the analysis rely on Schaefer fixed point theorem, Banach contraction principle and generalized Gronwall inequality. At the end, an illustrative example will be introduced to justify our results.
INTRODUCTION
Fractional order differentiation is the generalization of classical integer order differentiation. Derivatives and integrals of fractional orders play a significant role to describe the irregular behavior and anomalous flow of dynamical systems in physics, viscoelasticity, biology, electrochemistry, diffusion process, and chaotic systems, and they are increasingly used to model problems in fluid dynamics, control theory, finance, unsteady aerodynamics and aeroelastic phenomena, viscoelasticity, electrodynamics of complex medium, theory of population dynamics, and other areas of application. There are various definitions of fractional derivatives, among these definitions, Riemann-Liouville (1832), Riemann (1849), Grun-waldLetnikov (1867), Caputo (1997), Hilfer (2000, [14] ), as well as Hadamard (1891, [13] ) which are the most used.
In recent years, fractional differential equations have become invaluable instrument occurs in many areas of mathematics, physics, chemistry, engineering, bio-engineering and so on. A systematic presentation of the applications of fractional differential equations in physics and engineering can be found in the book of Oldham and Spanier [24] , Sabatier et al. [27] , Hilfer [14] . The fundamental results in the theory of fractional differential equations are gaining much importance and attention. For more details, see the monographs of Kilbas [20] , Samko [28] , Podlubny [23] . In consequence, there has also been a surge in the study of the theory of fractional differential equations [5, 9, 10, 21] and references therein. Over the last thirty years, the advancement of stability for the functional equations was studied by Ulam [31] ,
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Using Mönch's fixed point theorem associated with the technique of measure of weak noncompactness.
In the sam year, Vivek et al. [34] , discussed the existence and different types of Ulam stability results to Hilfer-Hadamard fractional implicit differential equation with nonlocal condition
Using Schaefer's fixed point theorem and generalized Gronwall inequality. However, to the best of our knowledge, there is no work on boundary value problems with Hilfer-Hadamard fractional derivatives in the literature. The aim of the present work is to study a new class of boundary value problems of Hilfer-Hadamard-type fractional implicit differential equations with boundary conditions and develop the existence, uniqueness, and stability analysis for the solutions of such problems. In precise terms, we consider the fractional implicit differential equation with boundary condition of the form
5)
where H D α,β 1+ is the Hilfer-Hadamard type fractional derivative of order α and type β , H I 1−γ 1+ is the left-sided mixed Hadamard fraction integral of order 1 − γ, c 1 , c 2 , φ ∈ R with c 1 + c 2 = 0, c 2 = 0, and f : I × E × E −→ E is a function satisfied some conditions that will state later.
This paper is organized as follows: In section 2, we recall some preliminaries and fundamental concepts of Hilfer-Hadamard type. Section 3, contains the main results and is divided into two parts. Part one dealt with the equivalence between the problem FIDE (1.5)-(1.6) and the mixed type integral equation. Part two, we investigate the existence and uniqueness results to problem FIDE (1.5)-(1.6). In Section 4, we discuss different types of stability analysis via generalized Gronwall inequality for Hadamard type. Section 5, contains supporting an example. The last section of this paper displays the conclusions.
PRELIMINARIES
In this section, we introduce some notations, lemmas, definitions and weighted spaces which are important in developing some theories throughout this paper. By C[I, E] we denote the Banach space of continuous functions ϕ : I →E, with the norm ϕ C = sup{|ϕ(t)| ;t ∈ I}. Let L 1 [I, E] be the Banach space of Lebesgue integrable functions ϕ : I →E, with the norm ϕ L 1 = I |ϕ(t)| dt. We introduce the weighted space C µ,log [I, E] of continuous functions ϕ on I as follows
Obviously,
is the Banach space with the norm 
where n = ⌈α⌉ + 1, ⌈α⌉ denotes the integer part of real number α, and log(.) = log e (.).
Definition 2.3. [18]
Let n − 1 < α < n and 0 ≤ β ≤ 1. The Hilfer-Hadamard fractional derivative of order α of a continuous function ϕ : 
(2) The generalization (2.1) for β = 0 coincides with the Hadamard Riemann-Liouville derivative and for β = 1 with the Hadamard-Caputo derivative, i.e. H D α,0
In particular, if β = 1 and 0 < α < 1, then the Hadamard fractional derivative of a constant is not equal to zero:
there exist the following properties:
Now, we introduce spaces that helps us to solve and reduce problem FIDE (1.5)-(1.6) to an equivalent the mixed type integral equation: 
where E α is the Mittag-Leffler function defined by
, z ∈ C.
EXISTENCE AND UNIQUENESS RESULTS
In this section, we prove the existence and uniqueness of solution of the problem FIDE (1.5)-(1.6).
if and only if u satisfies the following integral equation:
is a solution of the problem FIDE (1.5)-(1.6) if and only if u satisfies the mixed-type integral equation
Proof. According to Lemma 3.1, a solution of Eq.(1.5) can be expressed by
Applying H I 
Taking the limit as t →b on both sides of Eq.(3.3), we get
From the boundary condition and Eq.(3.4), we have
Thus, u is a solution of the problem FIDE (1.5)-(1.6).
Next, we are ready to prove that u is also a solution of the mixed type integral equation Eq.(3.1). To this end, by applying the Hadamard fractional integral H I
by multiplying c 1 and taking the limit as t −→ 1 + into the above equation, it follows from Lemma 2.4
Now, by multiplying c 2 and taking the limit as t −→ b − to both sides of Eq.(3.7), we conclude that
By compiling Eq.(3.8) and Eq.(3.9), we find that
which means that the boundary condition Eq.(1.6) is satisfied. Now, we multiply H D γ 1+ on both sides of Eq.(3.1), it follows from Lemmas 2.1 and 2.5 that 
. This completes the proof. Now we use Lemma 3.2 to study the existence and uniqueness of solution to problem FIDE (1.5)-(1.6). First, we list the following hypotheses:
(H1) The function f :
The existence result for the problem FIDE (1.5)-(1.6) will be proved by using the Schaefer's fixed-point theorem. 
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where σ * = sup t∈I σ (t) and ρ * = sup t∈I ρ(t) < 1 and B(·, ·) is a beta function.
Proof. Consider the operator Q :
It is obvious that the operator Q is well defined. The proof will be divided into several steps:
Step 1. We show that Q is continuous. Let {u n } n∈N be a sequence such that u n → u in C 1−γ,log [I, E]. Then for each t ∈ I,
Since F u is continuous (i.e., f is Carathéodory), we conclude that Qu n − Qu | C 1−γ,log → 0 as n → ∞.
Step 2. We show that Q maps bounded sets into bounded sets in
where Ω < 1 and
For any u ∈ B λ and for each t ∈ I, we have
By hypothesis (H2), we can see that
By submitting Eq.(3.14) into Eq.(3.13), we deduce that
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where
and
Now, we estimate I 1 and I 2 each item is separate as follows:
and 
The last equality with Eq.(3.15) and definitions of Ω, λ and Λ, implies
Step 3. Q maps bounded sets into equicontinuous set of
Then
The right-hand side of the above inequality is likely to be zero as t 1 → t 2 . As an outcome of Steps 1-3 in concert with Arzela-Ascoli lemma, it proves that Q : C 1−γ,log [I, E] → C 1−γ,log [I, E] is continuous and completely continuous.
Step 4. A priori bounds. We show that the set S is bounded, where
Indeed, let u ∈ S , such that u = κQu for some 0 < κ < 1, we have
Then by step 2, for each t ∈ I,
Since 0 < κ < 1, then u < Qu, it follows by (H2) that
This shows that the set S is bounded. As a consequence of Schaefer's fixed point theorem, we conclude that Q has a fixed point, which is a solution of the problem FIDE (1.5)-(1.6). The proof is completed.
The uniqueness result for the problem FIDE (1.5)-(1.6) will be proved by using the Banach contraction principle.
Theorem 3.2. Assume that (H1) and (H3) are satisfied. If 
It follows,
This implies,
Since A < 1, the operator Q is a contraction mapping. Hence, by the conclusion of Banach contraction principle the operator Q has a unique fixed point, which is solution of the problem FIDE (1.5)-(1.6). The proof is completed.
ULAM-HYERS-RASSIAS STABILITY
In this section, we discuss our results concerning Hyers-Ulam stablity and Hyers-Ulam-Rassias stablity of Hilfer-Hadamard-type problem FIDE (1.5)-(1.6). The following observations are taken from [?, 26] . (4.1) . Then u is a solution of the following integral inequality:
Proof. In view of Remark 4.2, and Lemma, we have
, then by utilize Lemma 3.2, we get
From this it follows that 
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H I
where 0 < α < 1, 0 ≤ β ≤ 1, γ = α + β − αβ , and c 1 + c 2 = 0 ( c 2 = 0). Using Lemma 3.2, we obtain
By integration of the inequality (4.1) and applying Lemma 4.1, we obtain 
CONCLUSIONS
We can conclude that the main results of this article have been successfully achieved, that is, through of Schaefer fixed point theorem, Banach contraction principle, Arzela-Ascoli, and some fundamental results in nonlinear analysis. In the first part of this paper, we established the equivalence between the Cauchy boundary condition and its mixed type integral equation through a variety of tools of some properties of fractional calculus and weighted spaces of continuous functions. In the second part, we investigated the existence and uniqueness of solutions of FIDE involving boundary condition and Hilfer-Hadamard fractional derivative. In the third part, we discussed the stabilities of Ulam-Hyers, generalized Ulam Hyers, Ulam-Hyers-Rassias, and generalized Ulam-Hyers-Rassias via generalized Gronwall inequality. In addition, an illustrative example introduced to justify our results.
There are some articles that carried out a brief study on existence, uniqueness, and stability of solutions of fractional differential equations on different types operators, however on Hilfer-Hadamard type operator are just a few. Also, it should be noted that the results obtained in the weighted functions space C 1−γ,log [I, E] are contributions to the growth of the fractional analysis.
